We develop a new empirical model of Jupiter's equatorial current sheet or magnetodisk, constructed by combining successful elements from several previous models. The new model employs a disk-like current of constant north-south thickness in which the current density is piecewise dependent on the distance from Jupiter's dipole axis, proportional to −1 at distances between ∼7 and ∼30 R J and again at distances between ∼50 and ∼95 R J , and to be continuous in value but proportional to −2 at distances between. For this reason we term the model the Piecewise Current Disk model. The model also takes into account the curvature of the magnetodisk with distance and azimuth due to finite radial propagation speed and solar wind effects. It is taken to be applicable in the radial distance range between ∼5 and ∼60 R J . Optimized parameters have been determined for Juno magnetic field data obtained on Perijove-01, with the model showing overall the lowest root-mean-square deviation from the data compared with similarly optimized earlier models.
Introduction
The principal dynamics of the Jovian magnetosphere are governed by the strong planetary magnetic field, the fast rotation of the planet, and the presence of a large internal source of the plasma from the moon Io (Balogh, Beekand, et al., 1992; Balogh, Dougherty, et al.,1992; Bolton et al., 2015; Goertz, 1976b; Ness,Acuna, Lepping, Burlaga, et al.1979; Smith et al., 1974 E. Smith, Connor, & Foster Smith et al., 1975; E. J. Smith, L. Davis, & Jones 1976) . These features create azimuthal and radial currents in the equatorial plasma that result in the field lines becoming greatly distended away from the planet, forming a current sheet or magnetodisk configuration that is responsible for the Jovian magnetosphere's enormous size (Bagenal, 2007; Goertz & Ip, 1984; Hill, 1979; Vasyliunas, 1983) . The distance from the center of the planet to the subsolar magnetopause can be more than 100 R J (R J is Jupiter's equatorial 1 bar radius 71,492 km; e.g., Joy, 2002) .
Since Jupiter's current sheet was discovered, many models describing its structure have been created. The present work focuses on empirical modeling of the magnetodisk field, which will be considered in detail below. The other category of models is physical models that self-consistently include plasma properties and force balance. Caudal (1986) proposed a model which takes into account the centrifugal and pressure forces of the plasma, the pressure being taken to be isotropic. Nichols (2011) and Nichols et al. (2015) further improved this model, the latter paper, by including the effect of plasma pressure anisotropy. Connerney et al. (1981) constructed an empirical model of Jupiter's current disk, which has formed the basis of many subsequent modeling studies. In this model the disk is assumed to carry only azimuthal currents; has a half thickness D, inner and outer radii of R 0 and R 1 , respectively; and is centered on the magnetic equator. The current density in the disk is distributed uniformly north-south across the width of the disk but is taken to be inversely proportional to the distance from the magnetic axis. As reviewed in section 2, these properties allow the model field to be written as exact integral expressions that may be evaluated numerically. Analytic approximations to the full solution have also been derived by Connerney et al. (1981) and Acuña et al. (1983) , which have been augmented to divergence-free form by Edwards et al. (2001) . This model, with coefficients optimized using Galileo data, has been employed, for example, in the modeling work by Cowley et al. (2008) and Cowley et al. (2017) , who incorporated a physical model of the magnetosphere-ionosphere coupling currents leading to the sweepback azimuthal fields in the Jovian system. The Connerney et al. (1981) model has also been successfully modified for the Saturn magnetosphere system and applied to modeling of Pioneer-11, Voyager, and Cassini data (Bunce & Cowley, 2003; Bunce et al., 2007 Bunce et al., , 2008 Connerney et al., 1983 , Giampieri & Dougherty, 2004 ).
An alternative approach to Jovian magnetodisk modeling was discussed by Goertz (1976a) , who introduced the approach of describing the field in terms of Euler potentials. In particular, this method provides an easy way to include the effects of sweepback of the magnetic field lines. Subsequently, Khurana (1997) significantly improved the Goertz (1976a) model by incorporating a model of the current sheet curvature discussed by Khurana (1992) , which is due to radial propagation and solar wind effects. A different model of the Jovian magnetosphere that is global in scope was also developed by Alexeev and Belenkaya (2005) , which includes the planetary field, shielding currents on a model magnetopause, a magnetotail system, and partially penetrating interplanetary field. This model also includes a sheet current disk in the magnetic equatorial plane, with an azimuthal current intensity that varies as the inverse square of the distance from the planet.
Preliminary study showed by comparison with the presently available Juno data that the paraboloid model of (Alexeev & Belenkaya, 2005) , which has been successfully applied to many planetary magnetospheres, gives acceptable but not perfect fitting to the data due to the form of the disc model employed. In this paper we present a new model of Jupiter's current disk, applicable at radial distances between ∼5 and ∼60 R J , which incorporates appropriate elements from these previous models, namely, a current density with piecewise variable radial dependency based on the models of Connerney et al. (1981) and Alexeev and Belenkaya (2005) , as well as current sheet curvature effects as modeled by Khurana (1997) . We find optimal parameters to describe the Juno Perijove-01 data and compare the results with related results from previous models.
Connerney et al. (1981) Current Sheet Model
The improved model of the current sheet field developed here starts from the approach of Connerney et al. (1981) , which we now briefly consider. We employ cylindrical magnetic equatorial coordinates in which the z axis coincides with the dipole axis of the internal planetary field, and is the perpendicular distance from the axis. The field is axisymmetric with only azimuthal currents, for which the vector potential can be written as
Where there are no currents, function A satisfies
the general solution for which is
where J 1 is a Bessel function of the first order and C( ) is determined from the boundary conditions. The upper sign in equation (3) is for z > 0 and the lower for z < 0. For a sheet current confined to the plane z = 0, the change in radial field across the sheet is given from Ampère's law by
where I( ) is the surface azimuthal current intensity. Substitution of equation (3) into equation (4) results in
Using the Fourier-Bessel equation
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and equation (5), we find
A current with finite thickness can be obtained from the superposition of infinitesimal surface currents, giving
where D is the half thickness of the current sheet, A ± applies to the region outside the current sheet on either side, and A i applies to the region inside the sheet. The curl of the vector potential gives the following expressions for the field components Connerney et al. (1981) consider a specific choice of I( ) given by
Choice of Current Density Function
where a is the radial distance of the inner edge of the current sheet disk, which results in an analytical expression for C( )
As indicated by Connerney et al. (1981) , this model applies only to radial distances within ∼30 R J of the planet. At larger distances the Connerney et al. (1981) model tends to overestimate the current sheet fields, as shown below in section 5 and Appendix A, such that a model with a faster decrease in current than −1 is required. We thus consider the following variant of I( ), employed previously in the Alexeev and Belenkaya (2005) 
where R is a radial scale length. The expression for C( ) is then
which can be integrated numerically for various and interpolated for use in the integrals in equations (10)- (13). The red line shows the B z field versus radial distance r from the planet's center calculated from a model with an initially guessed current distribution with current proportional to −1 closer to the planet but proportional to −2 at larger distances. The data from the Perijove-01 outbound pass are shown. This is compared with the corresponding residual Juno Perijove-01 magnetic field data (black line) from which the JRM09 internal field model of Connerney et al. (2018) has been subtracted. Referring to equation (18) with R 2 = R out , the parameters of the model shown are
We initially assumed that the current sheet has two regions, with current I proportional to −1 closer to the planet but proportional to −2 further than 20-30 R J . After comparison with observations we found an approximately constant deviation of the modeled B z field from that observed, which could not be improved by varying the parameters (see Figure 1) . This problem was solved by changing the current parameter back to a −1 dependency beyond ∼50 R J from the planet. The resulting current density in the current sheet is then given by
This current profile is shown by the solid line in Figure 2 , while the dashed line shows the Connerney et al. (1981) model. Both models are shown with parameters optimized by comparison with the Juno Perijove-01 data as discussed in section 5. Below we will refer to the new model as the Piecewise Current Disk (PCD) model.
Curvature of the Current Sheet
As discussed previously by Khurana, (1992 Khurana, ( , 1997 , while close to the planet, the current sheet is centered approximately in the planet's magnetic equatorial plane; further away, it deviates from this plane due to the finite radial propagation speed of the effects due to the rotating tilted planetary dipole, combined with the effects of the solar wind flow past the magnetosphere. Khurana (1997) proposed a model of a nonrigid current disk by the variable substitution in the Euler potentials given by
where z cs is the z coordinate of the current sheet center at radial distance and azimuth in cylindrical magnetic equatorial coordinates. Here we follow a similar procedure but with vector potential A
The curl of these potentials gives us the expressions for the magnetic field of the curved current sheet B curv , which can be written compactly by using equations (10)-(13) as follows
These expressions are the same for the regions inside and outside of the current sheet, with appropriate choice of the corresponding fields in equations (10)- (13). Here we use the form of z cs proposed by Khurana, (1992 Khurana, ( , 1997 , in cylindrical magnetic coordinates given by
Here x is distance along the Jupiter-Sun axis, and are cylindrical magnetic coordinates, 0 is the tilt angle of the dipole axis, Ω J is the angular frequency of Jupiter's rotation, and x 0 , 0 , and 0 are the parameters described by Khurana (1992) . We note that these expressions were initially constructed for use in the nightside magnetosphere, while Juno Perijove-01 was located in the dawn sector. However, this choice of z cs was found to work well without changing the parameters determined by Khurana (1992) . Figure 3 shows contour plots of z cs versus radial distance and azimuth for situations in which the projections of the dipole axis and the Jupiter-Sun direction on the jovigraphic equatorial plane are antiparallel and perpendicular to each other, respectively. Figure 4 shows the model azimuthal current density in a meridian cross section of the magnetodisk, calculated numerically from curl B. It can be seen that the resulting current distribution is as intended, that is, a rectangular sheet as in Connerney et al. (1981) but with a slight curvature.
Comparison of the PCD Model and Other Models With Juno Perijove-01 Data
The model employed for the internal field of the planet is evidently important when testing current sheet models. Aside from the fact that the internal field is part of the total model field, it also determines the position of the planetary dipole axis and hence the position of the current disk. Here we employ the JRM09 internal field model throughout, constructed by Connerney et al. (2018) , using magnetometer data from the first nine orbits of the Juno spacecraft. As illustrated in Figure 5 , where we show only model internal fields (no current disk), this model (red line) fits the near-periapsis Juno Perijove-01 data (black line) significantly better than previous models, for example, the VIP4 model of Connerney et al., 1998 Connerney et al., (1998 blue dashed line) . The JRM09 magnetic field model is a 10 degree model derived from a partial solution to a 20 degree fit to the first nine orbits (Connerney et al., 2018) . Terms of higher degree, which are utilized in the fit, covary significantly and thus cannot be uniquely determined until more orbits are available. Inside of the orbit of Io, where the magnetic field magnitude is ∼2,000 nT and growing rapidly with decreasing distance, the magnetodisk represents a small fraction of the observed field; where the field exceeds a few Gauss, the contribution of the magnetodisc is insignificant. Therefore, we consider in this work only observations beyond 5 R J radial distance. In subsequent figures the region inside 5 R J is marked by a gray bar where the current sheet field is "not distinguishable" as labelled.
Here as well as the PCD model, we tested several other empirical models of the Jovian current disk. For PCD model we used parameter values listed in Table 1 (see equation (18)), which were determined by minimizing the root-mean-square (RMS) deviation of the modeled field from that observed on Juno Perijove-01. It should be noted, however, that not all of the parameters are tightly constrained, such that some of them could be altered without significant change in the RMS error. Also, as indicated above, the parameters of the current sheet curvature were taken from Khurana (1997) Khurana (1997) model was constructed using data from the Pioneer-10, Voyager-1, and Voyager-2 flybys. The model has 14 parameters that we were not able to determine properly from the fit to the Juno data, so that comparison of the model with these data is not fully valid. Thus, we additionally compared the model with the PCD fit to the Pioneer-10 outbound data, using the following parameters for the PCD:
In Figure 6 we compare the results of the PCD model with the residual poloidal components observed by the Juno spacecraft on Perijove-01 (1-min averages), from which the JRM09 internal field has been subtracted. The fields are plotted versus radial distance r from the planet's center, with the data from the inbound trajectory on the left of the origin and the data from the outbound trajectory on the right. For quantitative comparison of the goodness of fit we used the RMS deviation of the predicted field from the observed field but excluding B , that is,
where n is the number of data points, B ,z are the field components derived from the current sheet model, and ΔB ,z are the observed residual fields following subtraction of the JRM09 internal field model from the observations. Among the models considered here only that of Khurana (1997) includes an azimuthal component, which we do not consider here so that all of the comparisons are made on a similar basis. For a more detailed comparison we also divide the trajectory in three radial regions, namely, the inner region with radial distances between 5 and 15 R J , the middle region between 15 and 40 R J , and the outer region between 40 and 60 R J . We do not consider the region beyond 60 R J because the influence of the currents on the magnetopause and tail then becomes significant. We also do not consider the region closer than 5 R J for the reasons outlined above. Figure 7 shows the RMS errors for all the above models in each of the three radial regions, while the detailed fits for the other models are shown in Figures A1 -A3 in Appendix A. In the inner region the model by Khurana (1997) has large error compared with the PCD, Alexeev and Belenkaya (2005) and the optimized Connerney et al. (1981 ) model, with the Khurana (1997 model being offscale at ∼190 nT. In the middle region, the Khurana (1997) model starts to work better (note also the change in plot scale), with the Alexeev and Belenkaya (2005) model having the largest error, the PCD model the smallest error, and the optimized Connerney et al. (1981) model being intermediate. We also note that in both the inner and middle regions, the "curved" and "not curved" versions of the PCD model show very similar results, due to the small deviation of the current disk from the magnetic equator at these distances. In the outer region in Figure 7 , however, the picture is rather different, with the curved PCD and Khurana (1997) models showing similar best fits, while the optimized Connerney et al. (1981) and Alexeev and Belenkaya (2005) models have similar larger errors. We note that the Connerney et al. (1981) model, as originally published, was limited to the radial range r < 30R J and was not intended to describe the more distant magnetodisk. At those distances the effects of the current sheet curvature become significant, as shown in Figure A4 in Appendix A. Figure A5 shows results for the comparison of the Khurana (1997) model and the PCD model for the Pioneer-10 outbound data. Similar to the case of the Juno Perijove-01 data, in the inner magnetosphere the Khurana model gives a very large error in comparison with the PCD model. In the middle magnetosphere, both models demonstrate similar errors, while in the outer magnetosphere the Khurana model has a significantly lower error in comparison with the PCD model.
In Figure 8 we compare the general structure of the field in the Nichols et al. (2015) self-consistent model with the PCD empirical model. The field lines of the planetary internal field are shown by the blue lines; those of the current sheet alone are shown by the red lines, while the combined fields are shown by the black lines. Both models give a similar field structure in the inner part of the system closer than 30 R J but differ significantly further away, where the PCD model displays more radially stretched field lines than the Nichols et al. (2015) model, indicative of larger current densities. Of course, the structure of the field in the outer magnetosphere is significantly variable, depending on the LT of observation, as well as on the dynamic pressure of the solar wind, particularly in the dayside sector.
Conclusions
We have described a new empirical model of the Jovian current sheet or magnetodisk, constructed on the basis of previous models introduced by Connerney et al. (1981) , Alexeev and Belenkaya (2005) , and Khurana (1997) . It employs a piecewise dependence of the current density on distance from the dipole axis of Jupiter, chosen to be proportional to −1 at inner distances between ∼7 and ∼30 R J and again at distances between ∼50 and ∼95 R J but to be continuous in value and proportional to −2 at distances between. For this reason we term the model the PCD model. It also takes into account the curvature of the magnetodisk with distance and azimuth using the approach given by Khurana (1997) . The model is taken to be applicable in the radial distance range between 5 and ∼60 R J . The model has been compared with Juno magnetometer data obtained on Perijove-01, with detailed best fit model parameters being determined. Compared with previous models similarly optimized, the PCD model shows the lowest RMS deviation.
In Figures A1, A2 , and A3 we compare results of the PCD model as shown in Figure 6 with those using the optimized Connerney et al. (1981) , Alexeev and Belenkaya (2005) , and Khurana (1997) models, respectively, using the same figure format.
The difference between the fields generated by the rigid and curved versions of the PCD model in the outer inbound region is shown for the B and B z components in Figures A4a and A4b, respectively. 
